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Section 0. Introduction

The hamiltonian problem; determining when a graph contains a spanning cycle, has long been
fundamental in Graph Theory. Named for Sir William Rowan Hamilton, this problem traces its origins to
the 1850’s. Today, however, the flood of papers dealing with this subject and its many related problems is
at its greatest; supplying us with new results as well as many new problems involving cycles and paths in

graphs.

To many, including myself, any path or cycle question is really a part of this general area. Although it
is difficult to separate many of these ideas, for the purpose of this article, | will concentrate my efforts on
results and problems dealing with spanning cycles (the classic hamiltonian problem) or related topics that
are usually stronger in nature (pancyclic, hamiltonian - connected, etc.). | shall not attempt to survey the
weighted version, the traveling salesman problem, or any of its related questions. For material on this
problem see [196]. | shall further restrict my attention primarily to work done since the late 70's, however,
for completness, | shall include some earlier work in several places. For an excellent general introduction
to the hamiltonian problem, the reader should see the article by J. C. Bermond [37]. Those not familiar
with this topic or with graphs in general are advised to begin there. Further background and related
material can be found in the following related survey articles: [49], [41], [197],[318],[88], [28] and [220].

This article concludes with arather extensive list of references; far more than could be discussed within
this paper. | have also tried to include the Math Reviews reference whenever possible. | hope this will be
of useto those interested in research problemsin thisfield.

Throughout this article we will consider finitegraphs G = ( V, E ). Wereserve n to denote the order
( OvO) of the graph under consideration and q the size ( CEO). A graph will be called hamiltonian if it
contains a spanning cycle. Such a cycle will be called a hamiltonian cycle. If a graph G contains a
spanning path it is termed a traceable graph and if G contains a spanning path joining any two of its
vertices, then G is hamiltonian - connected. If G contains a cycle of each possible lengthl,3 < | < n,
then G is said to be pancyclic. These are clearly closely linked ideas and by no means does this list exhaust
the related concepts.

There are four fundamental results that | feel deserve specia attention here; both for their contribution
to the overall theory and for their affect on the development of the area. In many ways, these four results
are the foundation of much of today’ s work.

Beginning with Dirac’s Theorem [93] in 1952, the approach taken to developing sufficient conditions
for a graph to be hamiltonian usually involved some sort of edge density condition; providing enough edges
to overcome any abstructions to the existence of a hamiltonian cycle. Dirac saw a natural method for
supplying the necessary edges, using the minimum degree 5(G).

Theorem 0.1 [93]. If Gisagraph of order n such that 8(G) = %,thenGishamiltonian.

Dirac’s Theorem was followed by that of Ore [242]. Ore's Theorem relaxed Dirac’s condition and
extended the methods for controlling the degrees of the vertices in the graph.



Theorem 0.2 [242]. If G is a graph of order n such that deg x + degy = n, for every pair of
nonadjacent verticesx, y O V, then G ishamiltonian.

This relaxation stimulated a string of subsequent refinements (see [70]or [37] for more details),
culminating in the classic work of Bondy and Chvatal [51] concerning stability and closure. In[51], asin
Ore's [242] motivating work, independent (mutually nonadjacent) vertices whose degree sum is at least n
are fundamental. The following notation will be useful:

k
0k(G) = min{ > degv; O{ vy, Vo, ..., Vg }isindependentin G (k = 2) }.
i=1

In [51], Bondy and Chva tal extended Ore’'s Theorem in a very useful way. Define the k — (degree)
closure of G, denoted C, (G), as the graph obtained by recursively joining pairs of nonadjacent vertices
whose degree sum is at least k, until no such pair remains. Their fundamental hamiltonian result is the
following:

Theorem 0.3 [51]. A graph G of order nis hamiltonian if, and only if, C,,(G) is hamiltonian.

Theorem 0.3 provides an interesting relaxation of Ore’'s condition. Now we no longer need to verify
that each pair of nonadjacent vertices has degree sum at least n, but rather, only enough pairs to ensure that
the closure is recognizable as being hamiltonian. Since the closure is hopefully a denser graph, your
chances should improve. However, the number of edges actually added in forming the degree closure can

vary widely. It is easy to construct examples for all possible values from 0 to ( 2 ) - ¢g. Thus, we

might receive no help in deciding if the origina graph is hamiltonian, or the degree closure may be the
complete graph.

Thisidealed naturally to the following definition. Let Pbea property defined for all graphs of order n
and let k be an integer. Then P is said to be k —degree stable if, for al graphs G of order n, whenever
G + uv has property P and deg u + deg v = k, then G has property P. Among the results established in
[51] were the following:

i. The property of being hamiltonian is n — degree stable.
ii. The property of being traceableisn — 1-degree stable.
iii. The property of containingaCs( 5<s<n)is(2n — 1 )-degree stable.
The fourth fundamental result took a different approach. Let Bo(G) denote the independence number

of G, that is, the size of amaximal independent set of verticesin G.

Theorem 0.4 [78]. If Gisagraph with connectivity k suchthat Bo(G) < k, then G ishamiltonian.

In the following sections, we shall see that each of these results has inspired many others.



Section 1 Generalizations of the Fundamentals

Many generdizations of Theorems 0.1 - 0.4 have been found. Haggkvist and Nicoghossian [146]
sharpened Dirac’s Theorem by incorporating the connectivity of the graph into the degree bound.

Theorem 1.1 [146]. If G is a 2—connected graph of order n, connectivity k and minimum degree
5(G) = %( n + k), then G is hamiltonian,

Thisresult itself was recently generalized in [25].

Theorem 1.2 [25]. If G is a 2-connected graph of order n and connectivity k such that
03(G) = n + k, then G ishamiltonian.

A natural direction, taken by Bondy [50], was to further increase the number of vertices involved in the
independent set.

Theorem 1.3 [50]. If G is a k-connected graph of order n = 3 such that
0x+1(G) > %(k+ 1)(n - 1),thenGishamiltonian.

Degree sum conditions like those of Theorems 0.2 and 1.3 do have a major shortcoming however; they
apply to very few graphs. Thus, it is natural to consider variations on such conditions, with the hope that
these variations will be more applicable.

Along these same lines, Bondy and Fan [52] provided an Ore-type result for finding a dominating cycle,
that is, acycle that isincident to every edge of the graph. Harary and Nash-Williams [149] showed that the
existence of adominating cyclein G is essentially equivalent to the existence of a hamiltonian cycle in the
line graph of G, denoted L (G).

Theorem 1.4 [52]. Let G be a k—connected ( k = 2 ) graph of order n. If any k + 1 independent
vertices x; (0 <i<k) with N(x;)) n N(x;) = @(0<i#]j<k)saisfy 04+1(G) 2 n - 2k,
then G contains a dominating cycle.

n - 2k

k+1

dominating cycle. This proves a conjecture of Clark, Colburn and Erdos [79]. Fraisse [122] had
independently proved this conjecture, however, his result is slightly wesaker than that of Bondy and Fan.
Bondy and Fan [52] also made the following conjecture. Let
Rn(v) = { vOV(G) Odist(u,v) £m }.

This result has the immediate Corollary that if G is k — connected with 8(G) = ,thenG hasa

Conjecture[52]. Let Gbeak—connectedgraph ( k= 2). Ifany k + 1verticesx; (0 <i < k) with
Rn(Xi) n Rn(X)) = @ (0<i# | < k) satisfy theinequality



k
> ORp(x) 0= n - 2k,
i=0
then G has an m —dominating cycle (that is, acycle C suchthat R,(v) n C # ¢foreveryv O V(G)).

Bondy [50] also gave a sufficient condition for G to contain a cycle C with the property that G — V(C)
contains no clique K. When k = 1, this result corresponds to Ore's Theorem. Veldman [314] further
generalized thisidea. A cycle Cissaidto be D, —cyclicif, and only if, every connected subgraph of order
A has at least one vertex in common with C. This idea also generalizes the idea of a dominating cycle.
Veldman [314] generalized Theorem 1.1 aswell as othersto D, - cycles.

Another very interesting approach was introduced by Fan [105]. He showed that we need not consider
"all pairs of nonadjacent vertices’, but only a particular subset of these pairs.

Theorem 1.5 [105]. If Gisa2-connected graph of order n such that

min{ max ( deg u, degv) Odist (u,v) =2} =

N| S

then G is hamiltonian.

Fan's Theorem is significant for several reasons. Firstit is adirect generalization of Dirac’s Theorem.
But more importantly, Fan’s Theorem opened an entirely new avenue for investigation; one that
incorporates some of the local structure, along with a density condition. Now, when attempting to find new
adjacency results, one must not only consider the "degree bounds', but the set of vertices for which this
bound applies. A natural question will be: Can an even sparser set of vertices be used (thus expanding the
number of graphs for which the result will apply)? We shall see later that this idea can be used in
conjunction with other adjacency conditions and that incorporating more of the structure beyond the
neighborhood of avertex can be useful.

Theorem 1.5 was strengthened in [35], where the same conditions were shown to imply the graph is
pancyclic, with afew minor exceptions.
Problem.
1. Can vertices at distance three be used to produce a Fan-type result? What about larger distances?

2. Doesthere exist adigraph analog to Fan's Theorem?

Recently, a new "generalized degree" approach based upon neighborhood unions has proven to be
useful. Thisideais based on the adjacencies of aset Sof vertices. The degree of aset Sis defined to be

deg(S) = 0 O N O

where N(v) = { x O V(G) Oxv O E(G) } is the neighborhood of v. Typicadly, S is chosen to have
some property P (for example, independence). This relaxation further generalizes the approach taken in the



60’s and early 70’'s and offers awide variety of uses.

The first use of the generalized degree condition was to provide another generalization of Dirac's
Theorem.

2n

Theorem 1.6 [108]. If G is a 2-connected graph of order n such that deg (S) = 3_ ! for each

S = { X,y } wherexandy areindependent vertices of G, then G is hamiltonian.

Fraisse [123] extended this result to larger independent sets of vertices.

Theorem 1.7 [123] Let G be a k—connected graph of order n. Suppose there exists some t < k, such

M, then Gis

that for every independent set S of vertices with cardinality t we have deg (S) = )

hamiltonian.

Very recently, Lindquester [200] was able to show that a Fan-type restriction to vertices at distance two
could also be used with generalized degrees, providing an improvement to Theorem 1.6.

2n -1
for every

Theorem 1.8 [200]. If Gisa2-connected graph of order n satisfying deg (S) =
set S = { x, y } of vertices at distance 2 in G, then G is hamiltonian.

Independent sets are not the only ones that have been useful in conjunction with generalized degrees.
The collection of all pairs of vertices (or all t—sets of vertices) provides yet another generalization of
Dirac’'s Theorem; one with amore combinatorial flavor.

n

Theorem 1.9 [107]. If Gisa2-connected graph of sufficiently large order n such that deg (S) = >

for every set Sof two distinct vertices of G, then G is hamiltonian.

A similar result holds for sets of more than two vertices (see [107]), however, at this time the best
known lower bound is % + c¢(k) where c(k) is a constant that depends upon k, the number of verticesin

the set.
We should also note here that other properties can be used to help reduce the lower bound on the

generalized degree. One such result is the following.

Theorem 1.10 [135]. Let G be agraph of order n. If for every set S = { x, y } of two independent
verticesin G, deg (S) = %and ON(X) n N(y) O = 3,then Gishamiltonian.



Many other results have been discovered in the last few years using this generalized degree
(neighborhood union) condition. For a survey of such results see[197].

Problem. Find directed graph analogs to the generalized degree results.

By varying the typical degree sum approach to that of adjacent vertices rather than nonadjacent vertices,
Brualdi and Shaney [61] obtained a hamiltonian result about the line graph, L(G), of the given graph.

Theorem 111 [61]. If G is a graph of order n = 4 such that for any edge uv in G,
degu + degv = n,then G containsadominating circuit, hence L(G) is hamiltonian.

Veldman [314] further developed thisidea. Hiswork can be viewed as yet another form of generalized
degree. We follow his notation here. Call two subgraphs H; and H, of G closein G, if they are digoint
and there is an edge of G joining a vertex in H, and a vertex of H,. If H; and H, are digoint, but not
close, then they are said to be remote. The degree of an edge e of G isthe number of vertices of G close to
e when e is viewed as a subgraph of order two. We denote the edge degree as deg(e). Clearly, this is
nearly the generalized degree of an adjacent pair of vertices.

Theorem 1.12 [314]. Let G be ak—connected graph ( k = 2 ) such that for every k + 1 mutually
remote edges e, €1, ..., € Of G,

_ deg (g;) > ¥%k(n - k)

M~

then G contains a dominating cycle.

Veldman further conjectures that this bound can be improved to %( k+1)(n-2).

In [33], this work was extended to pancyclic line graphs. Veldman also used this approach in [313].

Ainouche and Christofides [2] combined Po sa [255] and Ore [242] type conditions on degrees to
obtain interesting new results. InagraphG = (V, E),withW O V,let
degw; < degw, < --- < deg wmp
be the degrees in G of the verticesin W. A subset W of V(G) is termed "good" if deg w; > i for every
w; O W. With thisin mind, Ainouche and Christofides [2] obtained the following.

Theorem 113 [2]. Let G be a graph of order n and W be a good subset of V(G). If
deg x + degy = nforany two nonadjacent verticesx, yinV — W, then G is hamiltonian.

Ainouche and Christofides also obtained descriptions of maximal nonhamiltonian graphs failing to
satisfy their condition.



Dirac's condition ( 8(G) = % ) implies that any m—regular graph of order at most 2m is hamiltonian.

Another way of saying thisisthat every path of length zero (namely avertex) is contained in a hamiltonian
cycle. Ore [243] established that every m—regular graph of order at most 2m — 1 is hamiltonian -
connected. Tomescu ([306] and [307]) has extended this further. 1n [306], he shows that any m—regular
graph of order 2m has the property that ant two adjacent edges are contained in a hamiltonian cycle. This

m
implies that such graphs contain at least ( 2 ) different hamiltonian cycles. In [306], the following was
established.

Theorem 1.14 [306]. Let G bean m-regular graph of order 2m — k( mk = 0 mod 2 ).
a. If k = 1, then any path of length two is contained in a hamiltonian cycle of G, (whenm = 3).

b. If k= 2and G does not contain a spanning subgraph isomorphic to K, , - , then any path of length
k + liscontainedinahamiltoniancycleof G,(m = 2k + 1).

In [339], it is shown that every 2-connected k-regular graph G of order n is hamiltonian if
n = 3k + 1, unless G isthe Petersen graph. This answered a conjecture of Jackson. Still unsolved isthe
following conjecture a so due to Jackson.

Conjecture.  For al k = 4, al 2-connected k-regular graphs of order at most 3k + 3 are
hamiltonian.

Recently, Asratyan and Khachatryan [14] introduced yet another Ore-type adjacency condition that is
reminiscent of Fan's use of vertices at distance two. Let G, (x) denote the subgraph of G induced by those
vertices at distance at most 2 from x.

Theorem 1.15 [14]. Let G be a graph of order n. Suppose that whenever deg x < n ; ! andyisa

vertex at distance 2 from x,

deg x + degg,ny 2 HUV(G2(x)) O

then G is hamiltonian.

Another Ore-type result is due to Hakimi and Schmeichel [147].

Theorem 1.16 [147]. Let G be a graph of order n = 3 with a hamiltonian cycle
C: Xqy X9 y..v, Xp, X1. Supposethat deg x; + deg x,, = n. Then Giseither

1. pancyclic,



2. bipartite, or

3. missingonlyan( n - 1)-cycle

Moreover, if case 3 occurs. they are able to provide a great deal more information on the local structure
around the vertices x; and x,, on C.

Denote by w(G), the number of components of a graph G. Using this parameter, Chvatal [77]

introduced the following concept: Wesay Gis1-toughif w(G — S) < [0S or every subset Sof V(G)

with w(G = S) > 1. In genera, we say that G is t-tough if for every vertex cut-set S w(S) < %BD

Chva tal showed that if G is hamiltonian, thent > 1. He also conjectured that if G was 2—tough, then G

was hamiltonian. Thomassen and others have produced examples of nonhamiltonian graphs with t > %

Molluzzo [224] aso studied toughness. He showed that if G is hamiltonian-connected, thent > 1 and that
this is best possible. Further, he showed that if G is s—hamiltonian (that is, the removal of fewer than s

vertices leaves a hamiltonian graph), thent > 1 + Bi (where B is the independence number of G).
0
(Note that recognizing toughness has recently been shown to be an NP - complete problem [26]).

Toughness, when combined with other conditions, can be used to obtain both new results and
improvements of existing results. (See aso [43] and [177].)

Theorem 1.17 [175]. Let Gbeal-toughgraphof ordern > 11suchthato,(G) = n — 4. ThenG
is hamiltonian.

Theorem 1.18 [27]. Let G be a 2—-tough graph of order n such that 63(G) = n. Then G is
hamiltonian.

Further generalizations of Theorem 1.17 can be found in [287] and generalizations of Fan’s Theorem
with regard to toughness can be found in [24]. For a more complete survey of results relating toughness
and hamiltonian properties, see[28].

Turning to work related to Theorem 0.4, we find that in [54] it was shown that a 2-connected graph
with Bo(G) < 2 is either pancyclic, or one of the graphs C, or Cs. Amar, Fournier, Germa and
Haggkvist [10] showed that if G is k —connected with Bo(G) = k + 1, then for every maximum length
cycle C of G, G - V(C) is complete. More recently, Benhocine and Fouquet [34] considered
hamiltonian line graphsin this context.

Theorem 1.19 [34]. If G isa2-connected graph and Bo(G) < Kk(G) + 1, then L(G) is pancyclic
unlessGisoneof C4, Cg, Cg, C-, the Petersen graph or the graph of Figure 1.1.
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Figure1.1 A graph whose line graph is not pancyclic.

Many results related to Theorems 0.1-0.2 have been found for digraphs. In 1981, Bermond and
Thomassen [41] gave an outstanding survey of these and many other results on cyclesin digraphs. | shall
concentrate on subsequent work.

If D isadigraphand S O V(D), we say that Sis [3;— independent if the digraph induced by S
denoted D[ S], contains no arcs; we say that Sis 31 — independent if D[ S] contains no cycles, we say that S
is B, — independent if D[S] contains no 2-cycles. Thus, By < B; < B, and if D is the digraph
obtained from a graph G by replacing each edge of G by a directed 2-cycle, then B, = B;1 = Bo.
Thus, each parameter may be considered a directed analogue of the undirected independence number 3.

Thomassen [299] gave examples of nonhamiltonian 2 - connected digraphs with ,(D) = 2 and
non-hamiltonian 3 - connected digraphswithB; = 3andB, = 2. Thus, the Erdds-Chva tal Theorem
does not completely generalize to digraphs. The following problem was posed by Jackson [171].

Problem. Determine if for every integer m, there exists an integer (smallest) f;(m) (i = 0, 1, or2)
such that every f; (m) —connected digraph D with 3; (D) < mishamiltonian.

Jackson [171] and Jackson and Ordaz [172] have investigated this problem.

Theorem 1.20 [171].
1. LetDbeadigraphwith,(G) < r. Ifk(D) = 2'(r + 2)!, then D ishamiltonian.

2. Let D be a digraph such that V(D) can be covered with m complete symmetric subgraphs. If
k(D) > m( m — 1), then D ishamiltonian.

A digraph is said to be 2-cyclic if any two of its vertices are contained in acommon cycle.

Theorem 1.21 [172]. If D isak —connected digraph and

1. ifk =2 2B,(D) - 1,thenDis2-cyclic,
2. ifk = 3,andBy(D) < 2,thenDis2-cyclic,
3. ifk =2 15andBy(D) < 3,thenDis2-cyclic,
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4. ifk

v

land By (D) 1, then D containscyclesof lengthl for3 < | < n.

5 ifk

\Y
N

3andB,(D) < 2,thenD containscyclesof all lengthsl,2 < | < n.

Jackson and Ordaz [172] also posed several more problems.

Problem.

1. Does there exist an integer k such that every k-connected digraph D with Bo(D) = 2 is
hamiltonian?

2. Doesevery k —connected digraph D with3o(D) < k + 1haveahamiltonian path?

Conjecture [172]. Given any integer m, there exists a smallest integer g(m) such that every
g(m) —connected digraph D with Bo(D) < mis2-cyclic.

Section 2  Random Graphsand the Use of Probability

A large part of the difficulty in finding an effective characterization for hamiltonian graphs certainly
stems from the fact that so many graphs are hamiltonian. Yet, if so many graphs are hamiltonian, we
should be able to say something more about what we mean by a property being "very common™ among
graphs. In order to be more precise here, probabilistic methods will be helpful. It is not my purpose to
introduce the reader to random graph techniques. However, | shall try to define enough to hopefully make
the results of this section understandable to those not familiar with this subject.

We shall use Pr (X) to denote the probability of event X. If Q,, isamodel of random graphs of order n,
we say almost every graphin Q,, hasproperty Qif Pr(Q) - 1asn - . Notethat thisisequivalent
to saying that the proportion of all 1abeled graphs of order n that have Qtendsto Lasn - o,

In their classic paper on the evolution of random graphs, Erdos and Re nyi [102] posed the following
guestions.

— Inwhat models for random graphsisit true that almost every graph is hamiltonian?

— How large does @ = q(n) have to be to ensure that amost every random n vertex q edge graph is
hamiltonian?

There are two fundamental models for defining probability measures on the set of all 2" subgraphs

n
(hereM = ( 2 ) ) of an n vertex complete graph. Both of these models have been extensively studied.

- (The edge density model) Supposethat 0 < p < 1. Let G, , denote agraph on n vertices obtained
by inserting any of the M possible edges with probability p.

+ (The fixed size model) Supposethat N = N(n) is a prescribed function of n which takes on values

M
in the set of positive integers. Then thereare S = ( N ) different graphs with N edges possible on



-12 -

thevertexset{ 1, 2,..., n}. Welet G, \ denote one of these graphs chosen uniformly at random

with probability %

Although some preliminary results concerning hamiltonian properties of random graphs were obtained
in the early 70's, the first major advance in this area was achieved independently by Po sa [256] and
Korshunov [189], when they proved the following result.

Theorem 2.1 [256],[189]. There exists a constant ¢ such that aimost every labeled graph on n vertices
and at least cnlog n edges is hamiltonian.

A property P is called monotone if whenever G has property Pand G [ H, then H has property P,
Clearly, the property of being hamiltonian is monotone. Erdds and Reé nyi noticed an important and
interesting fact about most monotone properties - they appear suddenly. By this we mean that for some
M = M(n), amost no G,y has property |5, while for aslightly larger M, amost every G, \ has property
P. The property of being hamiltonian behavesin this manner.

To be more specific, given a monotone increasing property, a function M” (n) is said to be a threshold
function for P if

_Mﬂ — Oimpliesthat amost no G, has P, and

M (n) ’

I\IXI*(F)) - o impliesthat amost every G, \ has P.
n

Hence, a threshold function describes a critical time, before which Pis highly unlikely and after which
itisextremely likely.

It should be clear that threshold functions are not unique, however, they are unique up to factors. That
is, given two threshold functions for P, say M and M5, then M} = O(M3) and M; = O(M}). Thus,
we may speak of the threshold function of P.

Itisalso clear that if G isahamiltonian graph, then its minimum degree 8(G) = 2. Thus, we see that
Pr( G, m ishamiltonian) < Pr( d8(Gom) = 2).

Komlos and Szemeredi [188] and Korshunov [190] were the first to link the threshold for 6(G) = 2 with
the threshold for G being hamiltonian. It was known that

Pr(d(Gnhm) =2 2) - Llif,andonlyif, w(n) = ZTM - logn - loglogn - o,

They showed that this necessary condition was also sufficient to ensure that almost every G, v and G, |, is
hamiltonian.

Theorem 2.3 [188],[190]. Suppose w(n) - as n - o, and let

[o0]
1 Un U
p = F{ logn + loglogn + w(n)} and M(n) = 57{ logn + loglogn + w(n) O
O O



-13-

Then dmost every G, , is hamiltonian and amost every G, ; is hamiltonian.

In fact, they showed an even more direct relationship.

Theorem 2.4 [188],[190]. Assume that a random labeled graph is constructed as follows: the first edge

n
is chosen at random, the second edge is chosen at random from the remaining ( 2 ) - 1 possibilities,

etc., until a graph with minimum degree 2 is formed. Then the probability that the resulting graph is
hamiltonian approacheslasn - o,

Theorem 2.4 provides us with an "almost sure decision rule" to decide if a graph is hamiltonian:
Simply check whether it contains vertices of degree 0 or 1. The number of times we will be wrong is
negligible for large n.

Further improvements were made by Shamir [273], Bolloba s, Fenner and Freize [48] and Freize [124].
The algorithmic aspects of these improvements will be discussed in Section 4.

Theorem 2.5 [273].

i. Let p= %( logn + cloglogn), ¢ >3. Then amost every graph in G, , contains a

hamiltonian path.

ii. 1fM(n) = %( logn + (4 + €)log log n ), & > O, then almost every G, \ is hamiltonian.

Bolloba s, Fenner and Frieze [48] used the following strengthening of Theorem 2.3 due to Komlos and
Szemeredi [188] to produce their algorithmic work.

Theorem 2.6 [188]. For M(n) = %( logn + loglogn + c,)

|f Cn - —

no o

if ¢, » .

iy
lim Pr( G, v is hamiltonian) = ¢ ifc, - ¢

For V, = {1,2,...,n}, le¢ v O V, independently make m random (but not necessarily
distinct) choicesc(v, i) O Vg, i =1,2,..., n. Thisisdoneindependently foreachv O V,. Then
consider the multigraph

D(n,m = (V,, E(n, m),where
E(n,m) = { (v,c(v,i))0OvOV,,1<i<m,andv#c(v,i)}.

(That is, we ignore the orientation on the edges (v, c(v, i)), but we do not coalesce multiple edges or
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remove loops. Then with thisin mind, the following results were obtained:

Theorem 2.7 [113]. Form = 23, lim Pr( D(n, m) is hamiltonian) = 1.
n - o

They further conjecture the naturally anticipated fact that this can beimprovedtom = 3. Freize [124]
was ableto improvethistom > 10 aswell asimprove the time of the algorithm used to produce the cycle
(see Section 4 for more details).

Let R(n, r) denote the random regular graph chosen uniformly from the set of r —regular graphson V,,.
Bolloba s [46] and Fenner and Freize [114] independently proved that there is a constant r, such that for
anyr =ry,

lim Pr( R(n, r) is hamiltonian) = 1.
n -» o

In[114], it was shown that ro = 796, while in [124], thiswas improvedtor, = 85. Again, Freize
conjectures that the best value actualy isr, = 3.

One might hope that the problem of finding hamiltonian cycles in random bipartite graphsis easier then
in G, ,. However, thisis not the case. Progress was made by Freize [125]. Here we let G, ., denote a
random bipartite graph with n vertices in each partite set and probability p that any edgeisin G, ..

logn + loglogn + c, . .
Theorem 2.8 [125]. Letp = ( - )- Then the probability that G, .., is

2¢c”°

hamiltonian tendstoe™*® asc, - CcC.

As with random graphs, the obstacle to be overcome in random bipartite graphs turns out to be the
existence of vertices of degree at most 1.

Turning to digraphs, we note that the analogous problem seems harder, especially in view of the fact
that the useful work of Po sa[256] (see Section 4 for more details) does not have directed analogues. But
despite this problem, McDiarmid [218,219] was able to show that the probability that a random digraph
D,p is hamiltonian is not smaller than the probability that G, , is hamiltonian. Using this fact he deduced
the following result.

Theorem 2.9 [218219]. Ifp = %( 1 + £)(log n)then
Pr( D, ishamiltonian) -
(Dnp ) EP y
Next we turn our attention to regular graphs. Since vertices of degree at most 1 have been the

fundamental obstruction to hamiltonian cycles in general random graphs, we have been forced to produce
enough edges to ensure that we overcome this difficulty. It seems reasonable to hope that the edge density
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can be lessened by overcoming this difficulty in other ways, namely, by requiring that G be r —regular for
somer = 2.

Following Bolloba s [47], we consider the class of graphs g( n, k—out); formed with vertex set

n-1
V = {1,2,..., n}andforeachvertex x O V, select k other vertices (with all ( K ) choices
equally likely), and for each selected v, direct an edge from x to y. Let D be a random directed graph
formed inthisway. Let Gy _ be the random graph with vertex set V and edge set
{ xy O at least one of Xy and yx is an edge of D }.

We denote by gy-q the collection of all graphs Gy _o. Since for a fixed k, the graphs in g _q have
only O(n) edges, we are now looking for hamiltonian cycles in truly sparse graphs. Fenner and Freize
[113] accomplished a major step when they verified these graphs are aimost always hamiltonian. Their
proof was the first example of the "coloring technique" that has proved most useful in this area.

Theorem 2.10 [113]. Thereis a natural number k, such that if kK = kg, then amost every Gy _q iS
hamiltonian.

In view of Theorem 2.10, it is not surprising that if r is sufficiently large, amost every random
r —regular graph is hamiltonian. This was shown independently by Bolloba s [44] and Fenner and Freize
[114].

Another development that allows us to sometimes be more precise in determining thresholds is the
following: A random graph processonV = { 1,2,..., n}isaMakovchanG = (G,;);, whose

n
states are graphs on V. The process starts with an empty graphandforl < t < ( 2 ) , the graph G; is
obtained from G, _; by the addition of a single edge, with all new edges being equiprobable. Thus, G; has

n
exactly t edges, unlesst > (2 ),inwhichcasewedefineGt 0 K.

If Gisthe set of al N! graph processes, then G can be made into a probability space by assuming all
processes are equally likely. Then almost every graph process G is sad to have property P if the
probability that G has property PtendstolasN - o, The hitti ng time, T, of a monotone property Pis
defined to be

1(G;P) = mn{t > 00G, hasP}
Bolloba s[45] established the tie between minimum degree and hamiltonian cycles for graph processes.
Naturally, it involves the hitting time of & > 2.
Theorem 2.11 [45]. Almost every graph proc&sé is such that

r(é; hamiltonian ) = T(é; o =2 2).
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Other interesting results along these lines are due to Robinson and Wormald [261] who proved that the
probability that a cubic graph is hamiltonian is at least 0.974. They also showed that almost every cubic
bipartite graph is hamiltonian. However, Richmond, Robinson and Wormald [259] showed that at times
hamiltonian cycles arerare.

Theorem 2.12 [259]. Almost every cubic planar graph is nonhamiltonian.

Section 3 Forbidden Subgraphs

A new approach to the hamiltonian problem, although not new to Graph Theory in general, began with
a rather innocent observation due to Goodman and Hedetniemi [131]. Before exploring this approach,
sometermswill be helpful. GivengraphsF,, F, ,..., Fy,wesaythat Gis{ F4, F» ,..., F } —free
if G contains no induced subgraph isomorphictoany F;, (1 < i < k).

In considering graphs that are free of some set of graphs, we are restricting our attention to a class of
graphs defined with specific structural limitations. Thus, we may be able to avoid the pure density type
arguments seen earlier. Our hope of course, is to find conditions that will work on graphs not previously
covered by density results. In fact, what we tend to obtain are results that apply when the graphs are either
dense or very sparse.

Central to most forbidden subgraph results to date is the complete bipartite graph K; ; (sometimes
called a claw) or graphs very closely related to K5 3 (see Figure 3.1). Some other graphs that have proven
to be useful are shown in Figure 3.2.

as
@]
a a; a; a
3
a a b
c 1 1 3
b, b, c c b, b,
Ki 3 Zq F
' a; a;
b, b,
by b,
Z, Z3

Figure3.1 Graphsrelatedto K, .

We are now ready ready to state Goodman and Hedetniemi’ s result.

Theorem 3.1 [131]. If Gisa2-connected{ K, 3, Z; } —freegraph, then G is hamiltonian.
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The proof of Theorem 3.1 isvery simpleand in fact, it is easy to show that the only graphs satisfying its
hypothesis are complete graphs, complete graphs with a matching removed or a cycle. Goodman and
Hedetniemi pointed out that this seemed to be the first result that actually applied to acycle.

In 1979, Oberly and Sumner [238] realy opened the door to this approach, by relating forbidden
subgraphs with another property, local connectivity. We say a graph G is locally connected, if for each
vertex X, the subgraph of G induced by x is a connected graph.

Theorem 3.2 [238]. A connected, locally connected, K, 3 —freegraph of ordern = 3 ishamiltonian.

Further, Oberly and Sumner made several interesting conjectures.

Conjecture:  If G is aconnected, locally k — connected, K, ., —free graph of order n = 3, then G is
hamiltonian.

They further conjectured an even more optimistic result.

Conjecture:  If G is aconnected, locally k — connected, K, ., —free graph of order n = 3, then G is
hamiltonian.

They adso posed the problem: Is every connected, locally hamiltonian graph hamiltonian? An
affirmative answer to this problem would have produced an easy proof of the Conjectures. However, this
problem was answered negatively in [248].

The work of Oberly and Sumner spurred further investigations of the same type. Attempts were made
to broaden the sets of graphs that were forbidden. See Figures 3.1 and 3.2 for some of the graphs that have
been used.

Theorem 3.3 [94]. LetGbeagraphof ordern = 3thatis{ K; 3, F} — free. Then,
i. if Gisconnected, then Gistraceable,

ii. if Gis2-connected, then G is hamiltonian.

This result was followed by other extensions of Theorem 3.1.

Theorem 3.4 [133]. If Gisa2-connected { K; 3, Z, } —freegraph, then either G is pancyclic or G
isacycle.

Since | and A are induced subgraphs of F, every | —free or A —free graph is aso F —free. Thus, the
following Corollary of Theorem 3.3 is obtained.
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Obl b]_O
C1 C1
@]
c d; d,
a
d
by b, 2 ’
b, b, d, Co
O
A | = P, Cz byo
P7
Ob2
P7

Figure 3.2 Important Forbidden Subgraphs.

Corollary 3.5 [133]. Let Gbea2-connected K, 3 —freegraph.
i. If Gisl —free, then Gishamiltonian.

ii. If GisA—free, then G ishamiltonian.

Zhang [337] considered degree sums in claw free graphs. In particular, he showed that if G is a
k —connected, K; 3 —free graph of order nsuchthat o . ;(G) = n — k, then G is hamiltonian.

Broersma and Veldman [59] introduced a relaxation of the forbidden subgraph condition by allowing
certain of the forbidden graphs to exist, provided their adjacencies outside their own vertex set are of the
"proper type'. We say asubgraph H of G satisfies property @(u, v) if

(N n N(v)) - V(H) # 0O.
That is, u, v 0 V(H) and u and v have a common neighbor in G outside of H. Using this idea, they
obtained generalizations to severa results, including Theorem 3.1. The vertices a, b; and b, are as in
Figure 3.1.
Theorem 3.6 [59]. Let G bea2-connected K, 3 —freegraph.
i. If everyinduced Z, of G satisfies@(a, b;) or @(a, b,), then either G is pancyclic or G isacycle.

ii. If every induced Z, of G satisfies@(a;, b;) or ¢(a;, b,), then either G ispancyclic or Gisacycle.

The nonhamiltonian K, ;—free graph of Figure 3.3 has the property that every induced Z, satisfies
¢(a,, by)or@(as, by); hence, in Theorem 3.6, "and" cannot be replaced by "or". Broersmaand Veldman
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also obtained a generalization of Corollary 3.5i using theseideas. They also used some other related graphs
(see Figure 3.2) to obtain the following result.

Figure3.3 A nonhamiltonian K 3 —freegraph.

Theorem 3.7 [59]. Let G be a 2—connected K, 3—free graph. If every induced subgraph of G
isomorphic to P, or P7 satisfies ¢(a, b;) or @(a, b,) or (¢(a, c;) and ¢(a, c,) ), then G is
hamiltonian.

An immediate Corollary of Theorem 3.7 was originally obtained in [132].

Corollary 3.8 [132]. If G is a 2-connected K, ;—free graph of diameter at most 2, then G is
hamiltonian.

Broersmaand Veldman [59] conjecture the following generalization of Corollary 3.5ii and Theorem 3.3.

Conjecture.

1. Let G bea2-connected K ;—freegraph. If every induced A of G satisfies ¢(a,, a,), then G is
hamiltonian.

2. Let G be a 2-connected K, 3—free graph. If every induced F of G satisfies ( ¢(a;, a,) and

®(a;, az) ) or (@(ar, az) and @(az, az) ) or (@(a;, ag) and @(a, az) ), then G is
hamiltonian.

Recently, adifferent relaxation has been explored by Flandrin and Li [117] in which they showed that if
agraph does not contain "too many" claws, then it is hamiltonian.

Theorem 3.9 [117]. Let G be a 2-connected graph of order n = 16 and minimum degree &. If
o = % and if for any two nonadjacent vertices u and v, the number of induced subgraphs isomorphic to

K1, 3z containinguandvislessthand — 1, then Gis hamiltonian.

In  [118], Flandrin  and  Li showed that if G is 2-connected and

03(G) = ATn + ON(u) n N(v) n N(w) [Jthen G is hamiltonian. This bound was reduced to
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n + ON(u) n N(v) n N(w) 0On[116].
Matthews and Sumner [215,216] studied hamiltonian properties of graphs obtained from K 3 —free

graphs.
Theorem 3.10 [215,216]. Let G beaconnected, K, 3 —freegraph, then

i. G?isvertex pancyclic,

ii. thetotal graph of G ishamiltonian,

iii. if Gisnoncomplete, thenk(G) = 2t(G),

iv. if Gis3-connected of order < 20, then G is hamiltonian.

2)

v. [216] if Gis2-connected and 3(G) = “‘%,thenGishamiltonian.

Part (4) of the above Theorem, when viewed in conjunction with Chva tal’s original toughness result,
inspired Matthews and Sumner to make the following conjecture.

Conjecture. [215] If Gisa4-connected K, 3 —freegraph, then G is hamiltonian.

It is interesting to note that we can reduce the connectivity from 4 to 2, when we have a reasonable
neighborhood union condition present.

Theorem 3.11 [109]. If Gisa2-connected K, s-freegraphof order p = 14andS = { x, y }, wherex
and y are nonadjacent vertices of G, and for each such S

i. degS> M then G is pancyclic,
i. degS> 2"~ 3) thenGishamiltonian,
iii. degS> {2~ %) and Gisconnected, then G istraceable,
iv. degS> M and G is 3—connected, then G is homogeneously traceable.
Conjecture [109] : If Gisa3—connected K 3-free graph of order n such that deg S > M

where Sisany set of two nonadjacent vertices, then G is hamiltonian.

Another problem in this area arose from consideration of the famous result of Fleischner [119], that the
square of any two connected graph is hamiltonian. The typical example that shows that the connectivity
cannot be lowered in Fleischner’s Theorem is provided by S(K 1, 3), the subdivision graph of the claw (see
Figure 3.4), whose square is hot hamiltonian.
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Figure3.4 S(K,; 3), whose squareis not hamiltonian.

In[134], it was conjectured that the square of any connected, S(K 1, 3) —free graph must be hamiltonian.
This conjecture was verified by Hendry and Vogler [157]. In fact, they were able to show more.

Theorem 3.12 [157]. If G is aconnected, S(K, 3) —free graph, then G is vertex pancyclic (i.e., every
vertex lieson acycleof eachlengthl, 3 < | < n).

Section4  Algorithms

Degspite the fact that the hamiltonian problem is NP - complete, algorithms of a probabilistic nature and
algorithms for special classes of graphs have been devel oped.

Aswas mentioned in Section 2, PO sa [256] was the first to suggest an algorithm that converges almost
surely for a graph of order n and size cnlog n, ¢ = 3. The ideas behind his theoretic work suggested a
probabilistic algorithm for determining the existence of a hamiltonian cycle. Tests of this algorithm were
first performed by McGregor [see 182] on graphs of order up to 500 and by Thompson and Singhal [304]
on graphs of order up to 1000. Theideas behind Po sa’swork have been refined in [48] and [124] to obtain
improvements in time complexity. Here we naturally only consider graphs with minimum degree at least 2.

Before continuing, we wish to note that the problem of finding a hamiltonian cycle in a graph G of
order n can be transformed into one of finding a hamiltonian path in a graph of order n + 3. This can be
seen asfollows:

1. Select any vertex x; in G.

2. Create a new vertex X+, and symmetrize x,, , 1 to X4, that is, make x, , ; adjacent to exactly the
same verticesas X .

3. Create anew vertex Xy and make it adjacent only to x;.
4. Create anew vertex x, , » and make it adjacent only to X, 4 1.

5. Call thisnew graph G”.
Figure4.1 Thetransformationto G".

Now it is easy to see that G has a hamiltonian cycle if, and only if, G” has a hamiltonian path from x,
to X, + 2. Thus, we shall limit our discussions to finding hamiltonian paths in graphs.

The fundamental idea behind PO sa's algorithm is a path transformation operation often called a
rotation. It works as follows. Given apah P = vq, v, ,..., v, and an additional edge e = v,v;
(1 < i £ k- 2),wecan create a new path, also of length k — 1, by deleting the edge v;v; , 1 and
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Xn+2 Xn+1

inserting the edge e. Thus, define the path operation ROTATE( P, e ) as,
ROTATE(P,e) = Vi, Vo, .o, Vi, Vi, Vo1 yevvy Vigq.
The operation, ROTATE produces anew path with v, asitsinitial vertex and v; , ; asitsend vertex.

Po sa's Algorithm begins by selecting X and trying to extend this trivial path, cal it P, by including
any unused neighbor of the end vertex (namely, Xp) of this path. At first this extension adds x; to P. We
now repeat this step from x; and continue extending P from the non-fixed end vertex until we can no longer
extend the path. At this point, either we have a hamiltonian path in G™ and we stop, or we ROTATE from
the non-fixed end vertex of the path. Since 8(G) = 2, we see that there must exist an edge e = v, v;
(1 < i < k) andhencewe can perform ROTATE( P, e ) to obtain anew path, say P". We now try to
extend this new path, rotating when we are unable to extend the (nonhamiltonian) path. We continue this
process until a hamiltonian path is found or until the number of rotations exceeds some specified limit.
This technique has come to be called the extension-rotation approach.

PO sa’'s Extension-Rotation Algorithm.

1. Choose the start vertex vy and set i = 0. Set the rotation limit ( RLIMIT ) to the desired value and
the rotation counter ( RCT ) to 0. Set the path length ( | ) to O.

2. Choose at random any unmarked (that is, not previously used) neighbor j of the end vertex i ( Z n
unlessl = n - 2)
If noneisfound

Then Choose at random any marked neighbor of i. Then ROTATE the path P and set
RCT « RCT + 1.

If RCT = RLIMIT

Then HALT - The algorithm has failed to find a path.

Else markjasusedandset! — | + 1
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Ifl =n

Then HALT - A path has been found

ElseGoTo 1

Other early algorithms were due to Angluin and Vaiant [11] and Shamir [273]. Then in 1984,
Bolloba s, Fenner and Freize [48] developed then first "good" algorithm for finding hamiltonian paths.
Their algorithm almost always succeeded and had time complexity O(n* * ). It was still based on the
extension-rotation technique. Recently, Freize [124] has shown that a careful modification of PO sa's
techniques can be used to produce aO( n3log n ) time algorithm HAM 1 which satisfies

lim Pr ( HAM1 findsahamiltonian cyclein D(n, 10) ) = 1.

n -

Further, Luczak and Freize (see [124]) have reduced the 10 above to 5.
Freize [124] also shows that thereisan O( n3log n ) time algorithm HAM 2 which satisfies

lim Pr ( HAM2 findsahamiltoniancyclein R(n, r ) ) = 1

n -
for any constantr > 85.

Freize' s improvement centers on two points. In trying to extend the path P, if we fail to extend, but
the edge vy Vv exists, then we know by the connectivity of the graph, that alonger path exists. Failing this,
a sequence of rotations is performed in a "depth-first” manner. That is, suppose that Py.: vg, Vi , ..., Vi
is the current path and that vy has neighbors v; , v;, ,..., v; on Py. Then we replace Py with
ROTATE(Py,VyVi,) and continue our efforts with this new path before we consider ROTATE(Py, vy Vi, ),
which will be done after failing to be able to extend ROTATE(Py, viV;,) and backtracking. All of thisis
perfectly natural in the context of this problem. But Freize adds an unusual twist. He partitions E(G) into
two sets, E* and E™. The edges of E™ are only used to close P, to acycle. Thisadded condition gives him
the strength to produce aO(n® log n ) time algorithm that almost surely produces a hamiltonian path.

Another completely different recent development is due to Guravitch and Shelah [141]. They use an
edge coloring based algorithm to amost always construct a hamiltonian path from a fixed initial vertex to a

3log n is the probability

fixed final vertex in < + o(n) time, where c is an absolute constant and p >
that an edge existsin g O Gp, p-

Their complete agorithm actually consists of three separate algorithms. The first (HPA1) amost
always succeeds in % + o(n) time. When thisfails, the second (HPA?2) istried and finally, if necessary,

the third (HPA3) istried. We shall look closely only at their first algorithm. We assume that the edges of
G are assigned a subset of up to four colors (say red, yellow, blue and green) with certain probabilities.

The Guravitch and Shelah [141] algorithm HPA1 proceedsin stages.
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StageO:  Create four lists of vertices.

1. Pg, apath,initially consisting of only the start vertex.

2. Po, apath, initially consisting of only the finish vertex.

3. Ep, consisting of the remaining even vertices.

4. O, consisting of the remaining odd vertices.
Stage1l: Weextend Pg by means of successive sweeps through Eq. During one sweep, we sequentially
examinethe verticesin Eq. If the last vertex on Pg is adjacent to the present vertex x of Eg viaared edge,

then x becomes the last vertex of the path Pg and x is removed from Eq. Halt when a sweep through Eq
produces no additions to the path Pg. If Eq contains at least Vn vertices, then we go to algorithm HPA2.

This process is how repeated for P and O except that the additions are made in front of P, keeping the
finish vertex at the end.

Stage 2:  We concatenate an initial segment of P¢ with a final segment of P5. This is done so as to
maximize the total number of vertices on the final path. If this cannot be done "effectively", then again we
go to HPA2.

Stage 3:  We now attempt to insert Eq vertices into the path P formed in Stage 2. We will make one
sweep through P. We use the notation pred(x) to denote the predecessor of x along P, last(P) to denote the
final vertex on the path P and first(P) to denote theinitia vertex on thelist (or path) P.

1. Setx = last(P).
2. If Egisempty then HALT
Elsesetv = first(Egp)
3. If xisoneof thefirst 4 verticesin P then Go To HPA2.
4. If both of the edgesvto PRED(x) and vto x arered
then insert v between x and PRED(x) on P and set x = PRED(x). Now remove v from Eq and Go
To2.
Else If the edge from vto PRED(X) isred, then set x = PRED(x) and Go to 3.

Else Setx = PRED(x) and Go To 3.

Now repeat this process for the verticesin Og.

The interesting fact about this process is that it almost always succeeds in creating a hamiltonian path,
and the extra speed is gained from the fact that only the red edges are ever used in creating this path.
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In the rare event that this process fails, algorithm HPA2 then tries to construct the path, using edges
colored red, yellow, blue and green. This algorithm requires O(n?) time and we shall not discuss it in
detail here. If further failure is encountered, HPA3 is attempted. Luckily, it isvery rarely needed.

Other special case algorithms can be found in[1], [12], [267] and [272].

Section5  Multiple Hamiltonian Cycles

In trying to construct hamiltonian graphs, it is common to notice that in the transformation from a
nonhamiltonian graph to a hamiltonian graph, often many different spanning cycles are created. Thus, at
times we wish to count the number of distinct cycles that are present and at other times we wish to show the
existence of several edge - digoint cycles. We shall now consider both of these questions.

We begin with results on edge digoint hamiltonian cycles. One of the first such results is due to
Nebesky and Wisztova[233] and concerns powers of graphs.

Theorem 5.1 [233]. If Gisagraph of order at least n > 6 then there exists a hamiltonian cycle C of G
and a hamiltonian cycle C; of G® such that C and C, are edge - disjoint.

This result strengthens the well - known results that G2 is hamiltonian and if n > 5, that G® has a
4—factor.

Other density conditions have been developed aong the lines we investigated in Section 1. Nash -
Williams [232] generalized Dirac’s Theorem to obtain a result on multiple edge - disoint hamiltonian
cycles.

Theorem 5.2 [232]. If G is a graph of order n such that 8(G) = % then G contains

O + + O
O 5(n+a, +10) Oedge - digoint hamiltonian cycles, where
0 224 0

Lo if nis even,

an = ,
L otherwise.

Jackson [166] investigated multiple hamiltonian cyclesin regular graphs.

n-1

Theorem 5.3 [166]. If G is a k—regular graph of order n (n = 14) and k = , then G

contains w edge - digoint hamiltonian cycles.
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Note that Jackson’s Theorem provides a strengthening of Theorem 5.2 in the case of regular graphs.

n-1

Jackson also conjectured that if G isak —regular graph on n vertices, wherek = , then G contains

; edge - digoint hamiltonian cycles. That this conjecture cannot be extended to small k ( k = 4, 5) has
been shown by Zaks [326]. He demonstrated an infinite family of 4-regular, 4-connected graphs in which
any two hamiltonian cycles shared at |east i of their edges and he demonstrated a family of 5-regular, 5-

16
connected planar graphs without two edge - digjoint hamiltonian cycles. Such afamily of 5-regular graphs

was also found by Owens [244]. Owens [244] also showed the existence for every r > 3, and every
k, 0<kz< % of an r —regular, r —connected graph that contains k edge-digjoint hamiltonian cycles, but

not k + 1 edge digoint hamiltonian cycles.

Faudree, Rousseau and Schelp [111] developed a degree sum condition implying the existence of
multiple hamiltonian cycles and in so doing produced another generalization of Ore's Theorem.

Theorem 5.4 [111]. Let G be agraph of order n > 3 and k be a positive integer. If the sum of the
degrees of any pair of nonadjacent vertices is at least n + 2k - 2, then for n sufficiently large
(n = 60k? will suffice), G hask edge - disjoint hamiltonian cycles.

They further conjectured that the degree sum condition could be decreased to " = n ", if an additional
minimum degree condition was imposed. It should be noted that at the same time, Li and Zhu [199]
independently proved the following:

Theorem 55 [199]. LetGbeagraphof ordern > 20andlet d(G) = 5. Ifdegx + degy = n
for any pair of nonadjacent vertices x and y, then G contains at |east two edge - digjoint hamiltonian cycles.

Faudree, Rousseau and Schelp [111] were aso able to generalize another of Ore'sresults (thek = 1
case below) based on the size of the graph.

n-1
Theorem 5.6 [111]. Let k be apositive integer and G a graph of order n and size( 2 ) + 2k

1. Ifn = 6k, then G hask edge - digoint hamiltonian cycles.

2. Ifn = 6k? then G hask edge - disjoint cycles of length |, for any integer | in the range 3to n.

The generalized degree condition discussed earlier has also been used to obtain a result on multiple
edge - digoint cycles. In order to do this, several additional conditions were necessary. The edge -
connectivity, k; (G), of anontrivial graph is the minimum number of edges whose removal from G results
in adisconnected graph.

Theorem 5.7 [110]. Let k be afixed positive integer. Then thereisaconstant ¢ = c(k) such that if G is
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agraph of sufficiently large order n satisfying

2n + ¢

1. ON(u) O N(v)d= ( ) for each pair u, v of nonadjacent vertices,

2. 8(G) = 4k + 1,
3. ki (G) = 2k and

4. k(G - v) = kforevery vertex v,
then G contains k edge - digjoint hamiltonian cycles.

Any result that supplies sufficient conditions for a graph G to contain k edge - digoint hamiltonian
cycles and is based on a generalized degree condition like (1) must have these types of added restrictions.
Examples to show this are provided in [110]. However, at thistime, only conditions (3) and (4) are known
to be sharp.

A corresponding result using all pairs of vertices rather than nonadjacent pairs of vertices would be
interesting, but at this time remains unknown. Also, extensions of Theorem 5.7 to the case of more than
two vertices would be desirable.

Bondy and Haggkvist [53] developed a generalization of the well-known result of Grinberg [139].

Theorem 5.8 [53]. Let G be a 4-regular plane graph which is decomposable into edge-digoint
hamiltonian cycles C and D. Denote by Fq;, F1,, Fy;, and F,, the sets of faces of G interior to both C
and D, interior to C but not D, interior to D but exterior to C and exterior to both C and D respectively.
Then

g(F11) = 9(F») and g(F) = 9(Fz)

whereg: 2F . N defined by g(X) = > (d(f) = 2)whered(f) isthe number of edges in the
f OX
boundary of f.

Note that Zaks [327] has another generalization of Grinberg’s Theorem.

The question of counting the number of hamiltonian cycles has been consider in severa papers.
Sheehan and Wright [275] counted hamiltonian cycles in dense graphs.

Theorem 5.9 [275]. LetGbean( n, q)- graph with A(G) = B andlet H(G) = the number of
— - |
hamiltonian cyclesinGandletM = an—l) = the number of hamiltonian cyclesinK,,. Then, if

%_.a<ooasn_>°°and[3:o(n)then
H(G)

—Ve
M
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Sheehan [274] a so studied graphs with exactly one hamiltonian cycle.

Theorem 5.10 [274]. Let G be a graph of order n containing exactly one hamiltonian cycle. Then the
maximum number of edgesin Gis

2
n
o+ 1
4

Asusual, special classes of graphs also provide us with a chance to say more.
Theorem 5.11 [148].
1. Foraln = 12, thereexistsamaximal planar graph of order n with exactly four hamiltonian cycles.

2. EBEvery 4-connected maximal planar graph on n vertices contains at least hamiltonian cycles.

log, n

A. Thomason [296] provided the answer to several interesting problems. Smith (see [310]) proved that
in a cubic graph, the number of hamiltonian cycles containing a given edge is even. Thomason [296]
proved that if all vertices of G, with the possible exception of two (say u and v), have odd degree, then the
number of hamiltonian paths from u to v is even. Thomason aso generalized in several ways the result of
Kotzig (see [57]) that in a bipartite cubic graph, the total number of hamiltonian cyclesis even.

Sloane [289] asked if the existence of a pair of edge-digoint hamiltonian cycles in G implied the

existence of another such pair. Thomason [296] answered this positively.

Theorem 5.12 [296]. In a 4-regular graph of order n = 3, the number of pairs of edge-digoint
hamiltonian cyclesin which two fixed edgesliein the same cycleis even.

Nincak [236] proved that if G contains k edge-digoint hamiltonian cycles, then G contains at least
k( 2k — 1) hamiltonian cycles. Thomason [296] showed the following.

Theorem 5.13 [296]. If a2k —regular graph G of order n = 3 has a decomposition into k edge-digjoint
hamiltonian cycles, then

1. eachedgeof Gisinatleast 3k — 2 hamiltonian cycles,

2. Ghasat least k( 3k — 2 ) hamiltonian cycles, and

3. Ghasatleast( 3k — 2)( 3k = 5) -+ (7)(4)(1) hamiltonian decompositions.

Tomescu [306] considered this question for regular graphs.

Theorem 5.14 [306]. Let G bean m-regular graph of order 2m — k ( mk = 0 mod 2 ).
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1. If k=21 and m = 3k, then eah edge of G is contaned in a least
(m-1)(m-2) --- ( m~- k) hamiltonian cycles of G.

2. ThegraphGhasatleast2( m!/( m — k — 1 )! ) hamiltonian cycles.

Finally, Hora k and Tova rek [163] studied the number of hamiltonian cycles in complete k — partite
graphs. They obtained a recursive formula for such graphs. Using this, they were able to show the
following.

Theorem 5.15 [163]. Let G be a graph of order n with Bo(G) = m. If H(G) is the number of
hamiltonian cyclesin G, then

H(G) < Vz(k—m)!'li(k—m+1—i).

Section 6 Closure

As mentioned in Section 0, Bondy and Chva tal extended Ore’s Theorem with the idea of the (degree)
closure. Their insight opened the door for others to explore similar extensions. It is now natura to
consider a closure operation for any adjacency result. Over the last few years, severa such closures have
been investigated.

Zhu and Tian [340] provided a strengthening of the degree closure with two results that guarantee the
degree closure is complete.

Theorem 6.1 [340]. Let k, n be natural numbers with k < 2n - 4. Let G be a simple graph with
vertex set V(G) = { vy, Vo ,..., V, }. Supposethat noindicesi and | satisfy the following conditions

i. i <] degvi < j+k-n degvy £ j+k-n-1 degv; + deg v; < k-1 and
i+j) =2 2n-k

i, If 0+
(1 <s

ThenCy(G) =

2n -k + 1, then viv; ) E(G). If i+ = 2n-k vgvi [} E(G)
i, 1<t<j).
Kn.

2
<

Theorem 6.2 [340]. Letd; <d, < --- <d, be the degree sequence of a smple graph G and k
( < 2n - 4) apositiveinteger. If for every i satisfying

Kk-n<i <yzk, dn—k+i Si,
one of the following three conditions holds:

i dy -

v

k-1,
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ii. dy-j = k-i-1,dy-ij+1 2 k-i,andthereexistsanintegerr (1 < r < n—-k+1i)
suchthatd, - +i+r < k—-i -rand

S (r+1-)(Bn-)0+0Sk-i-D0) 2 ¥ dyogeieg * 1,
i=1 j=1

iii. dy-ij = dy-ij+1 = k-1 -1 andthereexistsaninteger r (1 <r <n - k + i) such that
dn—k+i+r < k—i—r,dn_k+i+j 2 i+j(j:l,2,...,r)and

S (r+1-)0SN-()0+ 0SK=i-)0) 2 § daoyeir; + (i =08 (k=-0)0) + 1,
j=1 i=1

where S(m), S* (m) denote the set of all vertices with degreemand > m, respectively.
Then, C,(G) = K,.

For nonadjacent wvertices a,b OV, lea Ty = {xOV0Oa b @ N(X) } and let
O = 2 + OM0and 8, = m]lq deg v. Let the semi-independence number, T(G) = min Oy,

where the minimum is taken over al pairs of nonadjacent vertices a and b.

Ainouche and Christofides [4] defined the k- dual closure of a (k +2)-connected graph, denoted
Cx (G) to be the smallest graph H of order n such that G is a spanning subgraph of H and for all ab 0 E,
thereexistsanindex i, withi = max( 1, Ay — k — 1) such that

Uab(H) > degT Xj — k.

Theorem 6.3 [4] . Let a, b be two nonadjacent vertices of a 2-connected graph G and let
T = {x;0a, b [} N(x)}. If there is no index k such that k = max (1, Ay — 1),
degr Xx < Uy, then Gishamiltonianif, and only if, G + abishamiltonian.

Direct consegquences of this result are the following.

Theorem 6.4 [4]
1. A graph Gishamiltonianif its 0-dual closureis complete.
2. A graph Gistraceableif C~;(G) iscomplete.
3. A graph Giss—hamiltonian if Cg (G) is complete.

4. A graph Gishamiltonianif t(G) < k(G).
They also make the following conjectures.

Conjecture [4]

1. Let a, b be two nonadjacent vertices of a k—connected graph G and let o, be the maximum
cardinality of an independent vertex set of G containing both a and b. If a, < k, then G is
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hamiltonian if, and only if, G + abishamiltonian.

Let a, b be two nonadjacent vertices of a 2—connected graph G. If degy v; = i + 2, for al
i 2 max (1, Agp — 1), then Gishamiltonian if, and only if, G + ab ishamiltonian.

Let a, b be two nonadjacent vertices of a 2—connected graph G. If deg x;) = 3 + A/ for al
X; O T,then Gishamiltonian if, and only if, G + ab is hamiltonian.

Schiermeyer [267],[268] introduced yet another, more powerful closure. The basis of his closure is the

following result.

Theorem 6.5 [267] Let G be a graph of order n > 5 and a and b two nonadjacent vertices with
dega + degb < n. If G + ab containsahamiltonian cycle, then G will aso contain a hamiltonian
cycleif one of the following conditions holds:

Vi.

Vii.

If doga + degb = n — 1 (resp. n — 2), then there exists exactly one (resp. zero) vertex
(# aor b) which is adjacent to both a and b and such that G[ N(a) ] is disconnected. (Here
G[ N(a) ]isthegraphinduced by N(a).)

There exists two vertices x;, X, O V-{a,b} with degx; = 3 or degx, = 3,
X1, Xo O N(a)andx O N(b)foreveryx O N(x;) O N(xp),x # a,b.

There exists two vertices x;, X, O V - { a, b}, axq, axs, XX, 0O E, where bx; O E,
degx; =2 4, degxz-; =2 3fori=1ori=2 xb O Eforevey x O N(Xi) O N(X5),
X#Z X, Xo, a,and{ x O N(x;) Ox#x,,a, b} = {y O NX,)) Oy#x,,a,b}.

There exists a vertex x O V — { a, b} with the properties of x; or x, from Il and with the
following property: Let s = O{y O V - {a,b,x} Odegy = n-1}[s =2 0, and
lety, ,..., ysbethesevertices. Then

i. G -{ayVyy,...,Y¥s}, s= 1or

ii. G - {ay1,...,Ys,w}foravetexw O V - {a, b, X,y;,..., Ys}or

iii. G - {a VY1, ..., Ys Wy, Wy} for two vertices
Wi, Wy vV - {aybaxlyll"'! yS}

is disconnected and contains exactly (i) s + 1 or (ii) s + 2 or (iii) s + 3 components with x and b
belonging to one component.

There exists avertex x 0 V- { a,b},degx = 3, ax,bx O E, and G[ N(x) ] + abis
complete.

There existstwo verticesxq, X, 0 V - { a, b} withdeg x;,deg x, = 3,axq, bx, 0 Eand
forevery x [0 N(x1)withx # x, andforeveryy [0 N(x,)withy # x;andx #y:xy 0O E.

There exist two vertices x4, X, 0 V-{a, b}, x;,x, O E and for every x O N(Xy),
x#a,brax O E foreveeyy O N(x,),y#a, b:by O E.
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viii. There exist two vertices Xxq, X, O V -{ a, b}, axq, bxy, xyx, O E and for every
X,y O N(xp),foreveryx,y O N(x2):xy O E{x y} # {ab}.

iXx. Thegraph Gis2-connected but not 3—connectedandk( G - { a,b} ) = 2

X. Thereexisttwo verticesx;, X, [0 N(a) (resp N(b)) withdeg x;, = deg x, = 2.

Recursively joining pairs of nonadjacent vertices a and b which satisfy eitherdega + degb = nor
one of the conditions (i) - (x) of Theorem 6.5, produces the strong closure C,(G). Schiermeyer showed
that if the strong closure is complete, then G is hamiltonian. He also verified that the strong closure detects
all hamiltonian graphs detected by the degree closure, dual closure and several other well-known results.

Another closure was introduced very recently by Asratyan and Khachatryan [15]. They defined the
(k, r)—closure( k = 2 ) of G to bethe supergraph H of G with the property that

k :
ONf(u) n Nh(WDO< 1 + 5 ONj(u) - Nb(W O+ r
j=2
foraluv [ Ewithdisty (u,v) = 2. (HereNi(u) = { x Odist(u,v) = j }.)
There are several interesting features of the (k, r)— closure. Firgt, it takes into account the extended

neighborhood structure. Second, the closure is not uniquely defined (as in the other cases). For example,
the graph of Figure 6.1 hastwo (2, 0) —closures, namely G + uvand G + uw.

N

Figure 6.1 A graph with two (2,0) —closures.

They also verified that the property of containing a hamiltonian cycle is (2, 0) —stable and that the
(k, r)—closure generalizes the degree closure as well as Fan's Theorem. It would be interesting to know its
relationship to the dual and the relationship between the strong closure and the (k, r)—closure. Thisisa
problem that should be investigated.

Finally, let me mention that the neighborhood closure (based on the generalized degree condition) has
also been investigated (see [106]). However, this closure is not as effective for hamiltonian properties as
some of the others.

Section 7 Miscellaneous Topics
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In this section | will consider several special hamiltonian problems. These will be no means exhaust
such topics or even the results known on these topics. Rather, | hope merely to indicate the diversity of
problems available and the many possible questions till to be asked.

In 1968, Lova sz [207], conjectured that every connected vertex-transitive graph contained a
hamiltonian path. This conjecture has been verified for several special orders and classes, and except for a
few notable exceptions, such graphs contain a hamiltonian cycle. Babai (see [56] or [202]) proved this
conjecture for graphs with prime order p > 2. This follows from the work of Turner [309]. Babai [20] also
showed that connected, vertex-transitive graphs of order n > 4 always contain a cycle of length at least
( 3n)¥2. Alspach [6] showed that every connected vertex-transitive graph of order 2p contained a
hamiltonian cycle, unless the graph is the Petersen graph. Marusic [212] has shown that every connected
vertex-transitive graph of order p?, p2, 2p? or 3p have a hamiltonian cycle; while Marasic and Parsons
[213] showed graphs of order 5p (and 4p) have a hamiltonian path.

Babai [19] raised the problem of constructing an infinite family of connected vertex-transitive graphs
that are nonhamiltonian. To date, only a few such graphs have been found. The Petersen graph, the
Coxeter graph and the two graphs obtained from these by replacing each vertex by a triangle are the
simplest such graphs. Thomassen (see [37]) conjectures that there are only finitely many such graphs.

Lipman [202] took a different approach. He considered graphs with a certain automorphism group,
rather than a certain order. Let Aut G denote the full automorphism group of the graph G and let " be a
group of permutations on V(G). We say I' acts transitively if I' has only one orbit. Using this approach
Lipman was able to obtain a stronger general result.

Theorem 7.1 [202].

1. Letl' < Aut Gbetransitiveon V(G) and nilpotent. Then G has a hamiltonian path.

2. If Gisaconnected, vertex-transitive graph and OV(G) 0= pX, p aprime, then G has a hamiltonian
path.

Another interesting class of graphs are the generalized Petersen graphs, GP( n, k), for n > 2 and
n .
1< k< —, with
5 wi

V = {up,Ug,..., Uy-1,Vg, Vg y..., Vo_1}

and all edges of the form u;u; 4 ¢, U;Vv; and v;v; 4, for ) <i < n — 1, where al subscripts are taken
modulo n.

Robertson [260] proved that GP( n, 2 ) is hamiltonian unlessn = 5 mod 6. Castagna and Prins [66]
conjectured that all GP( n, k) were hamiltonian except for those isomorphic to GP( n, 2) for
n =5 mod 6. In[9], this conjecture was verified, provided n is sufficiently large. Finally, Alspach [7]
succeeded in verifying the conjecture and extending the definition of GP( n, k) to the nontrivalent case

n = 2k, he showed that GP( n, % ) isnot hamiltonian if, and only if, n = 0 mod 4andn = 8.



Another related class of sparse regular graphs have proven to be a little more difficult to handle. The
odd graphs, Oy, have as their vertex set the (k — 1) —element subsets of a (2k — 1) —element set (denote
these subsetsas P, — 1( 2k — 1)). Two vertices X and Y are adjacent in O, if X n Y = @ The odd
graph O3 isisomorphic to the Petersen graph.

The Boolean graphs, By, havevertex setV. = P, _1(2k — 1) O Py( 2k — 1) and X s adjacent
to Yin By if X O Y. Thus, By is the graph formed from the middle levels of the Boolean lattice of a
(2k — 1) —-element set by identifying the subsets as vertices with adjacency if, and only if, one set is a
proper subset of another.

Several interesting problems have arisen on these two classes of graphs. We say one of these graphs
has a hamiltonian decomposition if its edge set can be partitioned into hamiltonian cycles or hamiltonian
cycles and a perfect matching.

Conjecture [221]: Thegraph Oy ( k = 4 ) hasahamiltonian decomposition.
Conjecture (Erdos, see[90]): Thegraph B, ( k = 2 ) ishamiltonian.

Conjecture [95]: Thegraph B, ( k = 2 ) hasahamiltonian decomposition.

To date, the graphs O,4, O and Og have been shown to have a hamiltonian decomposition (see [221]),
while O, and Og have been shown to be hamiltonian (see[221] and [214] respectively).

As for the Boolean graphs, B;, B, and B5 are easily seen to have a hamiltonian decomposition, while
B, was shown to have such a decomposition in [184]. The Boolean graphs B, Bg, B; and Bg were all
shown to be hamiltonian in [95]; while independently Dejter [90] showed Bg and By were hamiltonian.

In[95], it was noted that B, isisomorphicto O, X K, where x here represents the weak product, that
is, (X1, y1) is adjacent to ( x,, y») in G; x G, if, and only if, x; is adjacent to x, in G, and y; is
adjacenttoy, in G,.)

Another interesting hamiltonian problem was posed by R. Roth (personal communication).

Problem : Let B;( 2k — 1) be the graph obtained from symmetrically opposed levels of the Boolean
Lattice of an odd ordered set. That is,

V(Bi(2k-1)) = Pi(2k-1) O Px-1-i(2k-1)
and Xisadjacentto Yif X O Y. Which generalized Boolean graphsB; (i = 1 ) are hamiltonian?

R. Roth (personal communication) conjecturesthat eachB; (i = 1) is hamiltonian.

Another generalization along these lines is due to Chen and Lih [74]. They define a uniform subset
graph G(n, k, t) to have all k —subsets of an n —set as vertices and two vertices are joined by an edge if,
and only if, the corresponding k —subsets intersect in exactly t elements. For specia values of n, k and t,
the uniform subset graphs have appeared under various names. The Johnson schemes J(n, K) in the theory
of association schemes is G(n, k, k — 1) (see [226]). Kneser's graph (see [204]) is G(2n + Kk, n, 0);
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whileG(2k - 1, k — 1, 0) arethe odd graphs. Chen and Lih make the following conjecture.

Conjecture [74]. The graph G(n, k, t) is hamiltonian for any admissible triple (n, k, t) except
(5,2, 0)and (5, 3, 1).

Heinrich and Wallis [152] proved the following:

kzl/k
(2" -1)

1. Thegraph G(n, k, 0) ishamiltonianifn = k +

2. Thegraph G(n, k, 0) ishamiltonian for
a k=1, nz3,
b. k=2nz2=6,
c. k=3, n27.

Chen and Lih [74] settle their conjecture for the cases (n, k, k — 1), (n, k, k = 2) and (n, k, k = 3)
as well as for suitably large n when kis given and t equals 0 or 1. Thisis not strong enough, however, to
help with the odd graph conjecture.

Yet another interesting class of graphs defined from products are the hypercubes H,, where
Hy = Hyo1 x KyandwhereH; = K, (notethat here x denotes the usual cartesian product). It has
long been known that H, is hamiltonian, when k > 2. A Gray code can be used to find the hamiltonian
cycle. However, it was conjectured that the hypercubes actually had a hamiltonian decomposition. That
thisistrue is a consequence of amore general result of Aubert and Schneider [17].

Theorem 7.2 [17] Let C be a cycle and let G be a graph whose edge set can be decomposed into 2
hamiltonian cycles. Then G x C (cartesian product) can be decomposed into 3 hamiltonian cycles.

Corallary 7.3 [17]
a. ThegraphC, x C, x C;isdecomposableinto 3 hamiltonian cycles.
b. ThegraphKy,s .1 %X Kygs 1 X Kog s 1 isdecomposableinto 3s hamiltonian cycles.

c. ThegraphK, x K, x K, isdecomposableinto3r — 2 hamiltonian cycles.

Hamiltonian properties of avariety of graph products have been studied in detail. In particular, Teichert
(see[292,293,294,295]) has studied these propertiesin detail.

Other graph valued functions also can be studied. For example, powers of graphs lend themselves
naturally to hamiltonian problems since the higher the power (up to the diameter), the more dense the graph
becomes. Powers of graphs were studied by Paoli [245].

Given aconnected graph G, if we consider the sequence of graphs
G, L(G), L?(G), L3(G), ---
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where L'(G) = L( L'~ (G)), then for G # Py, the graphs in this sequence eventualy become
hamiltonian. The minimum i such that L' (G) is hamiltonian is called the hamiltonian index of G. Clark
and Wormald [84] suggest studying not only the hamiltonian index, but similar concepts for edge-
hamiltonian and hamiltonian-connected line graphs.

Many results related to the hamiltonian index have appeared. Lai [193] has most recently studied this
topic. Healso considered contractions and their relation to hamiltonian line graphsin [192].

Zhan [330] provided a result on hamiltonian-connected line graphs. Other higher hamiltonian

properties of line graphs were studied in [58] and [60].

Theorem 7.3 [330] If Gis4—edge connected, then L(G) is hamiltonian-connected.

Another specia class that has received considerable attention recently is the following: A graph G is
said to be hamiltonian-connected from a vertex v, if a hamiltonian path exists from v to every other vertex
w # v. In[88], arecent survey of results on such graphsis given.

Another strong hamiltonian property involves the existence of cycles through specified edges or
vertices. Lovasz [205] conjectured that if G is k—connected (k=2), F={ e;,..., e} are
independent edgesof Gand G — { eq,..., e } is connected when k is odd, then G contains a cycle
using all the edges of F. In [206], he proved this conjecture for k = 3. Haggkvist and Thomassen [145]
proved aweakened form of this conjecture requiring the graph to be (k + 1) —connected.

Theorem 7.4 [145]

i. If Lisasetof kindependent edgesin G such that any two vertices incident with L are connected by
k + linternaly digoint paths, then G has acycle containing all edges of L.

ii. IfGisa( Bo + k)—connected graph, then any set of k independent edges of G is contained in a
cycle.

Conjecture [145]. If Gisa B(G)—connected graph and L is a set of independent edges such that
G - Lisconnected, then G hasacycle containing all edges of L.

Haggkvist [143] also studied arelated problem. We say G is F-hamiltonian (F-semihamiltonian) if
i. Fisan set of independent paths,

ii. Fiscontained in a hamiltonian cycle (path).

Theorem 7.5 [143]. Let F beal-factor of G.
i. If Gsatisfieso, = n + 1, then GisF —hamiltonian.

ii. If Gsatisfieso, = n - 1, then GisF —semihamiltonian.
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Haggkvist [143] also studied the degree sum of pairs of edges (another generalized degree approach) in
relation to F —hamiltonian graphs. The reader interested in this should also see Woodall [323]. Cycles and
paths through specified vertices has also been studied. Here | shall mention only the following: Bondy and
Lova sz [55] proved that a (k + 1)—connected nonbipartite graph contains an odd cycle through any k
specified vertices. Locke [203] showed that in an (r + 2 )-connected graph G with 8(G) = d and
OV(G) O = 2d - r, any path Q of length r and any vertex y not on Q are contained in a cycle of length
at least 2d - r. In[97] the following were shown:

Theorem 7.6 [97]. Let Gbeak—connected ( k = 2 ) graph with (G) = d and order at least 2d. Let X
be aset of k verticesof G Then G hasacycle C of length at least 2d such that every vertex of Xison C.

Theorem 7.7 [97]. Let G beak—connected graph ( k = 3 ) withd(G) = dand order at least 2d — 1.
Let x and z be vertices of G and Y be a subset of k — 1 vertices of G. Then G has an x —z path P of length
at least 2d — 2 such that every vertex of Yison P.

Tutte [312] showed that all 4 —connected planar graphs are hamiltonian. Tutte [310] also showed that
some 3 —connected planar graphs are nonhamiltonian. Horton (see [56]) and Ellingham and Horton [100]
have constructed nonhamiltonian bipartite cubic 3—connected graphs. However, a longstanding conjecture
remains.

Barnette'sConjecture[205].  Every cubic 3 —connected bipartite planar graph is hamiltonian.

In [162], some results lending support to Barnette's Conjecture are discussed. In particular, al such
graphs of order at most 66 are shown to be hamiltonian. They aso provide further references to related
work.

Let Sgenerate the group I'. Define the Cayley graph Cayg(I") asfollows: the vertex set V corresponds
tothe elements of I" and ( X, xs) isan arc of Cayg(I") with initial vertex x and terminal vertex xs whenever
x O lands O S

Several natura problems concerning Cayley graphs have been studied.

Problems.
1. For what generating sets Sdoesthe group I' have a hamiltonian Cayley graph?

2. Which groups I' have the property that for all generating sets S for I', Cayg(l") contains a
hamiltonian path?

A great deal of work has been done in this area. Witte and Gallian [319] wrote an excellent survey
article on this subject. The interested reader should begin there.

Finally, let me mention one last variation. For any integer k, define a graph to be pancyclic modulo k if
it contains acycle of every length mod k.
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Problem [87]. Characterize the 3—connected graphs which are pancyclic modulo 3.

Theorem 7.7 [87]. If Gisaplanar graph and

\

0(G) = 4,then Gispancyclic modulo 3,

0(G) = 5, then Gispancyclic modulo 4.

Theorem 7.8 [87]. Every 3—connected planar graph G

except K4 ispancyclic modulo 3,
withd(G) = 4ispancyclic modulo 4,

with 8(G) = 5ispancyclic modulo 5.

Conjecture [87]. Every k—-connected graph ( k = 3 ) containsa( 0 mod k ) cycle.

Problem [87]. For a fixed k, what is the computational complexity of deciding whether or not an
arbitrary graph contains an induced ( 0 mod k ) cycle?

Clearly, | have only scratched the surface of many of these topics. However, a some point each survey

paper must come to an end, and this seems an appropriate time for one.
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